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Correlation between Large Polarons in Molecular Chains
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Summary: We studied few extra electrons in a molecular chain with respect of
electron-phonon coupling in the adiabatic approximation. It is shown that the lowest
state of two extra electrons in a chain corresponds to the singlet bisoliton state with
one deformational potential well. Two electrons with parallel spins form a localised
triplet state, which corresponds to the two-hump charge distribution function. Three
extra electrons form an almost independent nonlinear superposition of a soliton and
bisoliton states. In the case of four electrons, the two almost independent bisolitons
are formed. These two states tend to separate in the chain at the maximal distance due
to the Fermi repulsion, accounted for in the zero-order adiabatic approximation. This
repulsion is partly compensated by the attraction between the solitons due to their
exchange with virtual phonons, described by the non-adiabatic part of the
Hamiltonian. The formation of solitons is characterised by the appearance of the
bound soliton and bisoliton levels in the forbidden energy band. This constitutes the
qualitative difference of the large polaron (soliton) states from the almost free
electron states and small polaron states.

Keywords: collective state; conducting polymers; electron-phonon interaction;
polaron; soliton

Introduction

[ or large polaron P! in low-dimensional molecular systems has been

The concept of a 'soliton
intensively used to explain various phenomena in biological physics and condensed matter
physics . A large polaron state is formed due to the electron-phonon interaction at moderate
values of the interaction constant and is theoretically described in adiabatic approximation. There
are clear experimental pieces of evidence of the existence of large polarons or solitons in
conducting polymers P!, In this respect, a question arises about the interaction between large

polarons. It was shown in ! that, due to the interaction with local deformation of the chain, two

electrosolitons with opposite spins bind in a localized bound singlet spin state called 'bisoliton'.

© 2004 International Union of Pure and Applied Chemistry DOI: 10.1002/masy.200450869



530

Here we consider the localized states of few extra electrons in the conducting band of a molecular

chain in the adiabatic approximation.

Model Hamiltonian
The state of electrons in an isolated conduction band accounting for the electron-phonon
interaction and neglecting direct electron-electron interaction, is described by Fréhlich

Hamiltonian H =)‘H1q +H +I:Iph. This Hamiltonian is in the site or quasimomentum

e—ph
representation:
H= ZE P T S A b > x(@)e"a; ,a,, (b, +b*)+Zha)b b, (la)
nEmM,o \/_naq
A=Y E®k) a,a,,+ ~ Y @, (b, 4D )+2hw,, b, (1b)
k,o k,o.q

where creation and annihilation operators of an electron of the site n with the spin o are

associated with the creation and annihilation operators of an electron with the wavevector k by

Z 1kan +
\/——— n o

conduction band, E(k), is related to the matrix elements of the exchange interaction, J, ,, by the

the unitary transformation a; = The electron energy dispersion in the

Fourier transformation, and the function y(g) determines the short-range interaction of electrons
with phonons of the frequency w,.
The ground electron state in the conduction band is determined from the Schrédinger equation:

HY)=EY), 2

Depending on the value of the electron-phonon coupling, the three different types of the ground
electron states can be realised in the system: (1) almost free electrons, (2) large polaron states, (3)
small polaron states. Physical properties and mathematical tools of description of these three
principal states of charge carriers are different. The realisation of one of the three regimes is
determined by the relations between the three main parameters of the system [”: (1) the electron
band width, which is determined by matrix elements, (2) characteristic (or maximal) phonon

frequency, wy, (3) electron-phonon interaction energy, which can be represented in the form:
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Here we discuss the state of few extra electrons in a molecular chain under adiabatic condition,
which is necessary for the existence of large polarons. In this case the electron correlation is
qualitatively different from the one in the two other cases. This is clear from the following
analysis of the three limiting approximations.

Since the Hamiltonian (1) conserves the number of electrons, the state-vector of N, electrons

depends on the N, creation operators. The solution of the Schrodinger equation can be written as
I‘I’) = 0“{’0 >, where U({a*},{b*}) =exp(S) is a unitary operator. Then Eq. (2) can be
transformed into the following one:

e SHS Wy =A%) = E%y). “)
1. In the weak interaction limit, the electron-phonon interaction is assumed to be small, i.e., it is
proportional to a small parameter ¢. In this case the operator S in (4) is also proportional to the

small parameter. The operator expansion can be used: H = H +[H,S]+ %[[I:I, §], §] +... In the

first order of the perturbation theory the operator S can be found from the condition

H,, +[H, +H,,5]=0, which gives

*
§= + - - X (@
S - k;,-f(k’ q)ak,gak—q,o-bq hC L] f(k: f]) «/ﬁ h(l)q +E(k+q)—E(k) . (5)

This transforms Hamiltonian (4) into the next one

H =Y [E(k)+AE()a} a,, + D VhK',9)a),, 00 gy, +O(E). ©

k,o k.k',q,0,0

Here 4E(k) determines the standard renormalisation of the electron energy and effective mass in
the second order of the perturbation theory . The new term in (6) accounts for the direct
electron-electron interaction, induced by phonons, V(k,k’,q)~|x(q)|2. This interaction is of the
attraction type, it does not influence the state of an extra isolated electron, but it leads to the
binding of the two isolated electrons into a Cooper pair P). In the case of a large number of
electrons at the finite density, the ground electron state at zero temperature is the superconducting

state.
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2. In the small polaron approximation the matrix elements of the exchange interaction, J,, »,, are

assumed to be small in the Hamiltonian. The unitary transformation is chosen in the form [

§= S foua)as b —he,  flog)= A0 ™
nq,0 q

In this case the transformed Hamiltonian in the nearest-neighbour approximation reads

i - Z(E -E,)a; a,, - Je(a; ,a,, 6 e” +ho)]-

ZV(n ma, ,a; .4, mZhwq b, . ®)

Here the term proportional to the exponential operators describes jumps of a polaron from a site
to a site with the creation of a certain number of phonons: Bn+~bq+. In view of the small value of
this term at strong coupling, G~y(q}> >> 1, it can be considered as a perturbation, so that the
zero-order term of the Hamiltonian accounts for the processes with the conservation of the total
number of phonons only. Then, in the wavevector presentation, one extra electron in a chain is
described by a small polaron state in a narrow conduction band, J = Jexp(-G). Moreover, the
direct attraction type polaron-polaron interaction via phonons appears in Hamiltonian (8), which
is given by the term ¥(n-m). Therefore, the two extra electrons in a chain form a bipolaron ',

The adiabatic limit will be considered in more details in the next section.

Adiabatic limit
In this case the kinetic energy of atom vibrations, which is a part of phonon Hamiltonian, £, ph is

considered as a small term of the total Hamiltonian. Due to this, the vector state can be
represented as the product of electron and phonon wavefunctions, which corresponds to the Born-

Oppenheimer approximation. Accordingly, let us represent the unitary transformation, U, as a

product of U, and Uy, = exp(S).
5= LN ¥ Byby ~hec., =20, (0A4,, ©
Y q i

where the coefficients of the unitary operators are chosen in such a form that the electron part of

the Hamiltonian H is diagonal and, thus, they satisfy the equations:
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E(k)y (k) +%Zl(q)(ﬂq + B (k=) =Ey, (k). (10)

These two transformations are not independent, electron state is determined by the lattice
configuration, which, in turn, depends on the electron state. The transformed Hamiltonian now

takes the form:
= + + 1 + +
H=W+Y E A; A, +> hoblb, +Y {B,+——=3.0,,()A4; 4, ., +hc}+
Ao q q ’\/N A0
+ Z Dar (Q)Az,aAz',g (bq + b:’q) . (11)
Axd'o

Here ¢, ,.(q9) = ;((q)z W, (k)¥, (k—q) . The last term in (11) describes the transitions between
k

the adiabatic terms with the absorption and radiation of phonons and is the nonadiabaticity
operator. Provided the condition of the adiabatic approximation is fulfilled, it can be neglected
and the problem can be studied in the zero-order adiabatic approximation. Unlike in the
considered cases of almost free electrons and small polarons, the direct electron-electron
interaction is absent in the zero-order Hamiltonian. Nevertheless, as mentioned above, electrons
are not independent and move in the common self-consistent potential. In this case the ground
electron state can be represented as the product of N, electron creation operators and of the

vacuum state

[%o) =] 14:,]0) (12)
A0

which is the eigenstate with the energy E = W+Zn ,E, . Here n; = 0,1,2 are the occupation
A

numbers of the adiabatic level and Z n, = N,.The coefficients f§, ought to satisfy the relation
A

B, +%anh (¢)=0. (13)

Using the longwave (continuum) approximation and switching to spatial representation, we can
give Eq. (10) in the form:

2\1_; 2
LU, =21

dx? K

EVY,, 14)
R

where the deformational potential, accounting for the expression (13), has the form
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UGy =-2g3m,|¥,[ (15)

where m is the effective electron mass and g is the electron-phonon interaction constant. Because
the deformational potential (15) is determined by the occupied adiabatic levels, the problem
reduces to solving the system of many-component nonlinear Schrédinger equations for the

occupied states ta

. Unoccupied excited states are determined by Eq. (15) with the given
potential.

One extra electron is described by the conventional nonlinear Schrodinger equation for a single
adiabatic level, n = 1, whose solution corresponds to the soliton state with the energy

E\= - K42/(2ma®), where u=g/2. The ground state of the two extra electrons in a chain also
corresponds to one adiabatic level occupied by the two electrons with opposite spins, # = 2. The
corresponding energy is E\ = - Bu*/(2ma®), where y = g

In the case of three extra electrons, the ground state corresponds to the two occupied adiabatic
levels with the occupation numbers #n; = 2, ny = 1, which are determined by the two-component

nonlinear Schrédinger equation which admits the solution!'?

¥, = 1u12 '_/uzz ﬂlCOSh(¢2)’ ¥, = /-112 _/122 4,sinh(¢,) ; (16)
V ¢ D | ¢ D

D = pcosh(g, Jeosh(g,) — u,sinh(g )sinh(g,), $=pmx+D, ¢ =ux-0. (17

The constant / in (17) can take arbitrary values. These two states correspond to energies

where

E;=- hzyiz/(ZmaZ), with 4 = g., u2 = g/2. Therefore, the three electrons form a bisoliton and a
soliton, which are described by essentially changed wavefunctions as compared with an isolated
soliton function, and which have the total energy in the form of the sum of soliton and bisoliton
energies. The constant / in this case determines the distance between soliton and bisoliton center
of mass coordinates. This gives us an example of a nonlinear superposition of quasiparticles,
when the energy is independent of the distance between them, although the total wavefunction is
not a superposition of the functions. The corresponding wavefunctions (16) are shown in Fig. 1.

In the case of four extra electrons, the two adiabatic levels are occupied, with the occupation
numbers n; = ny; = 2. Similar situation takes place for the two electrons with polarised spins, so

that n; = np = 1. In these latter cases u;, u,— po, where o = g for two bisolitons, and o = g/2 for
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the triplet state. The wavefunctions ¥, describe the two bisolitons (two solitons) separated by
the large distance

I Lln 2u,cosh(2p,l) N

w at A=y, -u, >0. 18
2 A My~ Hy (18)

The total energy
2
E= —’%ng +2Jg?cosh? (gl)exp(~2ngL), (19)
where n = 1 for the triplet state, and » = 2 for the two bisolitons. The corresponding
wavefunctions of four electrons are shown in Fig. 2. In this case the constant / characterises the
level of collectivisation of the two separated potential wells.
The energy expression includes the term which depends on the distance between the centers of

mass coordinates, L, and describes the repulsion due to the Pauli principle.
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Fig.2. The wavefunctions of four extra electrons in a chain: (a) /=0, (b) /= 7.
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Non-adiabatic corrections

The nonadiabatic term in the Hamiltonian (11) results in the additional direct interaction between
the two solitons or bisolitons via the phonon field. This additional interaction partly compensates
the Fermi repulsion and stabilizes the two-bisoliton and triplet state solutions. Considering the
nonadiabatic term of the Hamiltonian as a perturbation, one can write the first-order energy
correction in the form

~ i ~
AE =(¥,lH,, E_—H()Hmf‘yoy (20)

Here the wavefunctions correspond to the zero-order adiabatic approximation H,, and H , is the

non-adiabatic part of the Hamiltonian, i.e., the last term in (11). To calculate the energy of (20), it
is necessary to find the total energy spectrum of the system. This includes the localised (bound)
levels and delocalised (continuum) spectrum. The localised levels are always occupied, and
unoccupied levels belong to the continuum spectrum. The corresponding calculations show that
the energy correction term (20) contains two terms. One of these terms is independent of the
distance between centres of mass coordinates and determines the renormalisation of their energy,
while the second term depends on the distance. The latter term accounts for the additional
attraction, and results in the stabilisation of the state. The total energy with the account of the

correction term (20) has the form **!:

n’ 3y 3Jgy
E=—-"—Jg’(1+ +2Jg%cosh? (ghexp(-2ngl) - ———°7 | 21
P ( 8”6g) 4 (ghexp(-2ngl) 87 Peoshilg) 2

Here y is the so-called non-adiabaticity parameter determined as y = Awmax/J.

Because of the competition between the repulsion force due to the Pauli principle and the
attraction force due to the phonon field, the two bisolitons or two solitons with parallel spins are
separated by the equilibrium distance, which is determined from the condition d&/dL = 0, where

E is determined in (21).

Conclusion
We have shown that the lowest state of two extra electrons in a chain corresponds to the singlet
bisoliton. Three extra electrons form almost independent nonlinear superposition of a soliton and

bisoliton states. In the case of four electrons or two electrons with parallel spins, the two
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independent bisolitons (solitons) are formed. These two states tend to separate in the chain at the
maximal distance due to the Fermi repulsion. This repulsion is partly compensated by the
attraction between the solitons due to their exchange by the virtual phonons. The formation of
large polarons is characterised by the appearance of the bound soliton and bisoliton levels in the
forbidden energy band. This constitutes a qualitative difference of the large polaron (soliton)
states from the almost free electron states and small polaron states. In the case of a finite density

of extra electrons in a chain at the zero temperature, the charge density wave is formed in a

[14]

system " . The repulsion between bisolitons leads to the formation of a periodic lattice of

bisolitons with the distribution period [ = N/Nys, Nps = Ne/2, which corresponds to the many-
electron solution of the Peierls-Froehlich problem at zero temperature ',

It is worth noting that the self-consistent deformation potential of the lattice is a reflectionless
one. In the case of one extra electron or a singlet state of two electrons that occupy the same level
(bisoliton), this potential has a single bound state. In the case of a triplet state of two electrons
(two bisolitons), when Fermi statistics forbids one-leve!l occupation, lattice deformation forms a
reflectionless potential with two bound levels. In the case of an arbitrary number of electrons, the

corresponding self-consistent deformation potential is a reflectionless single-band potential with

one gap, which separates the occupied sublevels from the vacant ones %),
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